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A Note on Prolate Spheroidal Wavelets

Prolate Spheroidal wave functions (PSWFs) have been shown
to be the best tool for analyzing some problems raised in signal
processing and telecommunication. The wavelets derived from PSWFs
are most highly localized simultaneously in both the time and frequency
domain. Prolate spheroidal wavelets are well behaved with respect to
differentiation, translation and convolution. They have also some
interesting convergence properties in several function spaces. In this
work, wavelet transforms and related properties have been discussed for
these new wavelets.
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Introduction

The prolate spheroidal wave functions, {ons-(t)} , constitute an
orthonormal basis of the space of o — band limited functions on the real

line. They are concentrated on the interval lz’, 7 _and, of course, depend

on the two parameters O and 7 . Landau[l],Walter and Shen [7] have
characterized them as the Eigen functions of an integral operator:
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) The Sinc function S(t) = which appears in this formula is closely
Rajendra Pandey related tothe  PSWFs ¢, __(t) . In addition to the equation (1.1), the
Assistant Professor _ _ _
Govt. Model Science College Py .. (1) satisfy an integral equation over (—o0,0) as well :
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where S_(t) = c S(ﬂj
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This leads to a dual orthogonality

[4,. Wg, (k=16 13

and
[4.. Wg,  Md=5,, (L.4)

Thus, {¢ns.} constitute an orthogonal basis of L2 (-1,7), as well as

an orthonormal basis of the subspace B, of L? (-,«), the Paley Wiener
space of all - band limited functions.

The PSWFs are closely related to the Fourier transform. Indeed,
the Fourier transform of ¢n . iS given by

Where KG (a)) is the characteristic function of
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[-o,0].
Therefore the inverse Fourier transform gives us still
another formula:

The above formulae and several other
A 2nT W
Do (@) = (=1)" $no. K, (@)
Aoz o

related details may be found in works of several
workers (see Landau [1], Landau and Pollak [2&3],
Landau and Widom [4] , Papoulis [5], Slepian [6] ,
Walter and Shen [7] and Walter [8] ).
Prolate Spheroidal Wavelets
In order to construct these PSWF wavelets , we begin

2T

hroe = (1" |5

with a scaling function ¢, whose integer translates are
a Reisz basis of a space V, . This space is usually
taken to be a subspace of L%(R) . We shall take ¢(x) =
do,x(X) where 1 is any positive number , with this
choice the space V, will turn out to be the Paley-
Wiener space B, of n- band limited functions no
matter what the choice of t.

There are several ways of constructing
bases of the other subspaces Vi =B,"n from
those of Vo. One uses the standard wavelet approach
in which dilations of Doy , that s,

¢O,”,r (2mt) are used to get the basis
¢O,7r,r (th - n)
$2")=¢,,.(2")=2"¢ 50,0 ()

therefore  he concentration interval becomes(i)
progressively smaller as m increases. In order to

of Vm. In this case we get

avoid this,we have to find a way to make sure the(ii)

concentration interval remains constant. We may do
. - -m . .
this by taking @ . (t—2""n) asaRiesz basis

of V.
Thus the PS mother wavelets is given by

37
(t) = Cos(* 1), ., 1)
Which is orthogonal to all

Doz (D)

The PS father wavelet is denoted by
o0 = ¢, (1)

Thus we define PS father wavelet at scale m by
om® =@, . (1)

........... 2.1)
and the PS mother wavelet at scale m is given by

37 o
v (t) ::Cos(7”2 g, O @2

integer translates of

The Translates of mother wavelets form a
Riesz basis of the orthogonal complement of V, in V3
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which is be denoted by W, with its dilations denoted
by Wn.
We state the following (Theorem L1.in [7])

Let ‘An ~and tﬂm _be given by (2.1) and (2.2),
Vm = BZmﬂ

complement of Vp

and Wp be the
then

respectively. Let
orthogonal in Vs,

- l
'mer(t -2""n) §.is @ Riesz basis of Vi and

(ﬁm (t-2"n) ;Z is a Riesz basis of W.

— T T

ual .

A
TN\ /N |
/< /]

Do4f
o8 1,4 1 [ 0 [ 1 15 2

Wavelet v o(t) as" defined in (2.2)
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Wavelet Transform Properties

“For data compression, denoising and similar
applications, the design of y(t) must be optimized to
produce the maximum number of zero wavelet
coefficients. The properties of the wavelet that mostly
affect the number of non- zero coefficients are the
following :
Number of vanishing moments of the wavelet y(t)
Regularity of the function w(t)
The Wavelet y(t) has p vanishing moments if

[twtyt=0for  0<k<p

It can be shown that if Fourier transform of the
wavelet function w(t) is p times continuously
differentiable at ® = 0, the following holds :

The wavelet function has p vanishing moments .

(ﬁ(a)) and its first (p-1) derivatives are zero at ® =0
Fourier transform of wy(t) is given by :
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Moreover the Fourier Transform ¢ » (o) is given by
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This shows that (/7((1)) has a compact support [-27,-
nl U [r21] and 7(®)=0 in the vicinity of »=0.

Hence all derivatives of 1/(®) are zero at ®=0 and

this proves that y(t) has infinite number of vanishing
moment.
Now let us consider regularity of the function

w(t).
Since using

v =Cos 04, O . b

Leibnitz formula, we may write for k-th derivative :

W (t) = Z( )D“ ’T(t)DrCos(%Tt)

Z( JD‘” (t)(—t) Cos(—t ”)

Therefore

o3[ o, oy

Since d)(”)(t) is bounded for n=01,2,- - - as
proved in [1], Hence \u(k)(t) exists for all k=01,2,- - - . It
is also easy to check that W(k)(t) belongs to W, . Thus
we have proved the following proposition:
Proposition 1: The PS mother wavelets y(t) has an
infinite  number of vanishing moments and has
derivatives of all orders belonging to the same space
Wo.

Integration

In this sub section, we shall consider the

integration of the PS wavelet y(t). As we have seen

above that W(0) = I‘I’(t)dt =0. Furthermore,

we have the following result about the integration of
PS wavelet y(t):

Proposition 2 The integral of PS wavelet w(t)
belongs to the space W, which is orthogonal
complement of Vo in V1.

Proof: Let g(t)= ]l// (t)dt,
for, w#0 h
g(w) = je j\P(u)du dt

Integrating by parts we have

-t t

. -
— J"P(u)du]_w - j\y(t)[

a(w) =

—|a)t ]

—0
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3 O]‘P(t)e*“‘dt - L.
v ) i

Thus we see that the Fourier transform of the

@ #0

integral jg// (t)dt has the same support
[272’ ﬂUlIZﬂ and hence the integral
function g(t) belongs to W.
If @=0, then
0 t
§(0)= [ [¥(u)dtdu
Since

0= O]'LP(t)dt = tqu(t)dt + O]"P(t)dt
we have Q(O):—O] fT(u)dtdu

:_Oj f‘P(u)dtdu—? [ (W)dtdu
_ Oj IwT(u)dtdu—O} [ (uydtdu

_ Oj' ftp(u)dudt—wf L]'LP(u)dudt

= _fwu\P(u)du - fu\P(u)du
=— EOU\P(u)du =0

since i/ (t) has infinite number of vanishing
moments. Thus, we see that the Fourier transform of
the integral of i/ (t) is zeroat @ =0.

Wavelet Transform Coefficients:

As we know that

{ v,t-2""n):ne Z} is a Riesz basis of Wi,

therefore, the wavelet transform coefficient of fe&
L(R) is given by

(. t-2"n):neZ)

By Plancharel theorem, we have

<f(t) Wn(t=2" n)> <f(60) l//m(a))e"(z’m")‘”>

Using the definitions (2.1) and (2.2) , we have,
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R 1 m_ n m_
7o) = fs(0-372") 44, (043727

This that W s

l2m+l7r,—2m7r U lmﬂ,2m+l7z which is same

shows support  of

as support of 1/9 (Z_m a)) . Now let us assume that
2(@) = f (@) (27" 0) and
F,(o)= Z g, (0+2™"kr)

Kez

= f(@+2" k) (2" o +2k7)

Kez

Here F (o) is (2™"7) - periodic and so is the

e—i(Z’"‘n)w

function In fact, the

{E,T :Le
27

basis for L? ([0, 2™ 7 ]). Thus we obtain

(fO.p,t-2"n)

system

-i@ime :neZ}is an orthonormal

=2" [f(o)p(2" o) a)) e'®"" do
R
2m+l

[ o, (w+2m+1kﬂ)

KeZ

|(2m nao do

=2"(F,,ET)

Where the last inner product is the one associated
with L? ([o, 2"”172']) This implies that the wavelet
coefficients are zero only when Fr,, = 0.

Now we can prove the following proposition:

Proposition 3 : Suppose that fe LZ(R) and f has

support contained in I1=(a,b), where b-a <2nxand | N[-
n,7]=¢, then it has non zero wavelet coefficients only
for some m>0 and all the wavelet coefficients of f
are zero for m<0.

Proof: It >0, k=0and o € |, we have that

A

(w+2™"K7) lies outside the support of f . In
fact, If k>0

b=a+(b-a)<a+2n<a+2™kn< 0+2"kx

so that, in this case , @ + Zm+l kz istothe right of I.
If k<O
a=b+(a-b)y=>b-
+2™ % > o +2™kn
This proves that o +2™kn is to the left of I.
Therefore all the terms in Fr, are zero except the one
correspondingtok =0

(b-a)2b-2n2>2b+2kn>Db
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Fork=0, (2 "w+2kz) =y (2" ®) = 0 only
when @ € (-n, m).

If m<O0then|2Mo|=2"
I~ [-n,n] =6,

| ®| > 2™ since » € | and

hence (2 "w)=0 for al m < 0 . If
(w+2"km) el ,
| 20 +2kz | = 2™ |o+2™krz| =

m |a)+2m+1k7r| >2"n > 2n
Thus | 2"o + 2Kz | > 2 forallm < 0.
Hence, (2 "w+2kz)=0 forall m<o.

This completes the proof of the proposition.
The Continuous Wavelet Transform :

Let a#0 and b be real numbers. The
Continuous PS wavelet transform of feL*[R) can be
defined by

W, f)@b)=a’ j f (t)l//(—)dt
Where vy is the PS mother wavelets. With

(o)l w(%)

The terms

(\Nl// f )(a7 b) =< f yl/jayb > are

continuous wavelet coefficients of f.
Example 1:

We shall consider wavelet transform of an
harmonic function. Let the signal be given by

called the

S(t) = Ae'™

Then the wavelet transform is expressed as

W,S)@b)= [Ae ™y, Ot =v27 AP, (,)

But

~ N —iamb
Wap (@) = \/al//(awl)e m}l
Therefore

(\/V(//S)(au b) = A\/%l/}(aa)l)efimlb

The last expression shows that the CWT of
the signal is an analytic function which tends to zero
as b—w. We can also generalize the above example
for the case that the amplitude A is a function of time.
In this case, the wavelet transform can be seen as the
Fourier transform of the product of two signals, A(t)
and wap(t) which results in convolution of the two
Fourier transforms.
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Conclusions

We have shown that the PS wavelets are

differentiable and integrable functions. Moreover, their
differentials and integrals belong to the same space
Wo. We have also shown that wavelet coefficients
can be determined using their band limited character.
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